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Abstract 

We consider the simple random walk on random graphs generated by 
discrete point processes. This random graph has a random subset of a 
cubic lattice as the vertices and lines between any consecutive vertices on 
lines parallel to each coordinate axis as the edges. Under the assumption 
that discrete point processes are finitely dependent and stationary, we 
prove that the quenched invariance principle holds, that is, for almost 
every configuration of a point process, the path distribution of the walk 
converges weakly to that of a Brownian motion. 



1 Introduction 

Random walks in random environment constitute one of the basic models of 
random motions in random media. On the validity of the quenched invariance 
principle, the ballistic random walk in random environment and the random 
walk among random conductances have been intensively investigated in recent 
years. These models treat random walks with bounded jumps and i.i.d. config- 
urations. Our interest now is the quenched invariance principle for models that 
random walks have non-bounded jumps and configurations are not independent. 
We consider a simple random walk on discrete point processes on Z'', that is, a 
simple random walk on the random graph whose vertices are a random subset of 
TL'^ and whose edges are the lines between any consecutive vertices on the lines 
parallel to each coordinate axis. This model was introduced in [7], and its law 
of large numbers and central limit theorem are shown here. It is open whether 
to approve the quenched invariance principle for this model, see O Section 11]. 
The aim of this paper is to prove the quenched invariance principle when point 
processes are finitely dependent and stationary. 

We now describe the setting in more detail. Let 51 :— {0, 1}^ and denote by 
uj ~ {i-L){x))x^^d an element of Q. The space Q is equipped with the canonical 
product (T-field Q, the canonical shift TyUj{x) ijj{x -\- y) for x,y G 11^ and a 
probability measure Q. Let {w S r2;w(a;) = 1} for x S Z*^ and we shall 

assume throughout the paper that Q satisfies the following conditions: 

(Al) < Q(17o) < 1 holds, 

(A2) There is a positive constant £ such that \i A, B <Z satisfy inf{|a:: — y|; x G 
A, y G £?} > £ then (j{ljj{x); x G A) and a{ijo{x)\ x E B) are independent. 
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(A3) Q is stationary with respect to canonical shifts (TaOajsZ''- 
Then we can define the probabihty measure P on f2o a-s follows: 

F{A):=q{A\no), A eg, 

and denote by Eq and E the expectation with respect to Q and P, respectively. 
Let uj £ and set V{io) := {x E Z'^;oj{x) ~ 1}. It is immediate to see 
from the assumptions (Al)-(A3) that 7e(w) := infjfc > l;uj{ke) = 1} has all 
moment under Q for all e S Z** with |e| = 1. In particular, 7e is finite, Q-a.s., 
thus let Nx{oj) be 2d nearest neighbors of a; G ^{uj), that is, J\fx{(^) := {x + 
je{TxUj)e; \e\ ~ l}. We call a path {xk)^^Q V (co) -nearest neighbor path if xq G 
■p(w) and Xk G J^x^-i holds for every 1 < k < n. 

For each a; G O, the simple random walk on the discrete point process 
{RWDPP for short) is the following Markov chain {{Xn)n=o. {Pu)x&v(iu)) with 
the state space V{lo): for each z £ 'P(i^), let P^{Xo = z) = 1 and 

P^ix.,.-y\x. = x)^\', '^J^^fj' (1.1) 

We call the quenched law and denote by i?^ the expectation with respect to 

px 

Our main result is to prove that for P-a.s. uj, the following linear interpolation 
of (A„)^Q converges weakly to a Brownian motion; 

S«(i) := ^(^Lt"J +(^"- LN)(^Lt"J+i "^Lt"j))' ^>0- (1-2) 

Fix T > and let (C[0, T] , Wt) be the space of continuous functions / : [0, T] ^ 
M equipped with the cr-field Wt of Borel sets relative to the topology introduced 
by the supremum norm. The precise statement of our main result is as follows: 

Theorem 1.1 There is a set C ilo with P{il) = 1 such that on il, for all 

T > the law of {Bn{t))o<t<T on {C[0,T],Wt) converges, as n — oo, weakly 
to the law of a Brownian motion {Bt)o<t<T with a diffusion matrix D that is 
independent of uj. 

Remark 1.2 In general, we do not find whether the diffusion matrix D is non- 
degenerate. However, [21 Theorem 4.6] and the proofs of jH Theorem 6.2] or [31 
Theorem 2.1] ensure that the diffusion matrix D is non-degenerate if P is either 
reflection invariant or isotropic, that is, invariant with respect to Z'' a rotations 
by 7r/2. 

Let us now describe how the present article is organized. Section [5] recalls 
the corrector, which was introduced in [2] to establish the quenched invariance 
principle on percolation clusters. Its properties was analyzed in more detail by 
[5] . Proposition 12.11 provide the sufficient conditions for the sublinearity of the 
corrector to prove the quenched invariance principle. 

In Section 2 we give the proof of our main result Theorem ll.il We adopt the 
approach in [3] and therefore it suffices to prove the sublinearity of the corrector. 
Therefore, the proof of Theorem 1.1 is the sketch only, and we direct power 
towards proving the sublinearity. Propositions 13. 1[ 13.21 13.41 and 13.61 guarantee 
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that the sufficient conditions for the sublinearity of the corrector are satisfied 
in our model. 

We close this section with some general notation. Let us denote |x|oo := 
maxi<i<d|xi| for x = {xi, . . . , Xd) S Z'' and define Boo{x,n) := {y G Z''; jx — 
y\oo < n}. The L^(P)-norm for random variables is denoted by || • II2. The 
canonical unit vectors of M'' are ei, . . . , e^. 



2 Corrector 

In this section, we introduce 'corrector', which plays a key rule in the proof of the 
quenched invariance principle. Let us first mention the following proposition. 
For the proof of the proposition we refer the reader to [3 Sections 7 and 9] . 

Proposition 2.1 There exists a function x : Z"* x Oo M'' such that the 
following properties hold: 

(i) (Shift invariance) For P-a.s.w, 

X{x, t^) - x{y, ^) = X{x ~ y, TyUj), X, y g Viu). 

(ii) (Harmonicity) For P-a.s.oj, the function 

X I !• xi^i Ll>) + X 

is harmonic on 7^(0;) with respect to the transition probability p.ip . that 
is, for every x G 'P{u!), 

(iii) (Square integrability) There exists a positive constant ci such that for all 
X e Z'', 

Wixixr) - xiy,-))'^{xev}'^{yeAr^}\\l < ci. 



(iv) (Sublinearity on average) For every e > and for P-a.s.w, 



l{|x(:r,u;)|>en} = 0. 

\x\<n 



We call the above function x the corrector. It is easy to check from (ii) 
of Proposition 12.11 that X„ is decomposed in to the difference between a 
martingale M„ and xi^n), that is, for n > 0, 

A/,("' :=X„ + x(X„,w). (2.1) 

For this reason, to show the quenched invariance principle for (^n)^o adopt 
the method to use the martingale functional CLT for (M„)J^g and an estimate 
on the corrector x- In order to get our desired estimate of the corrector x, it 
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is enough to show its subhnearity, see for the proof of Theorem 1.1 of [51 page 
110]: 

lx(a;,i^)| 

lim max = 0, P-a.s. w, 

|a:|<n 

We now state sufficient condition for the subhnearity of the corrector x- Let 
iNt)t>o be the standard Poisson process with parameter one and we consider 
the continuous-time Markov chain (Yt :~ XjVt)t>o- Then the fohowing proposi- 
tion gives sufficient condition for the subhnearity of the corrector. Its proof is 
given by [HI Theorem 7.15] for i.i.d. configurations, however by [21 Remark 5.5] 
we can come up with a modification of the proof that covers general ergodic 
configurations as weh. 

Proposition 2.2 Suppose that a function ip{-,uj) : P{Ld) M'' satisfies the 
following conditions (i)-(v) for P-a.s. oj: 

(i) (Harmonicity) The function 

X I — ipix, Uj) + X 
is harmonic on V{lj) with respect to the transition probability (|l.ip . 

(ii) (Subhnearity on average) For every e > 0, 

E l{IV(x.-)l>-}=0. 

\x\<~n 

(iii) (Polynomial growth) There exists a deterministic 9 > such that 

lim max — 0. 

\x\<n 

(iv) (Diffusive upper bounds) For a deterministic sequence 6„ = o(n^), 

sup max sup td/^p-(Yt ^ x) <oo. (2.2) 

n>l xGV(uj) t>b„ 
\x\<.n 

K[\Yt-x\] 

sup max sup < oo, (2-3) 

n>ia:e'P(w) ^ 
\x\<n 

(v) (Control of big jumps) Let r„ := inf{t > 0; \Yt — IqI ^ "-}■ There exist 
C2 = C2(w) > 1 and N = N{uj) > 1 such that for aU t > and n> N, 

max P^(|FMr„ -x\> C2n) = 0. 
xev{uj) 

\x\<n 

Under these conditions, the function ip satisfies the subhnearity, that is, 

|-0(a;, w)| 

lim max — = 0, P-a.s. (2.4) 

\x\<-n 
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3 Proof of main result 

The aim of this section is to prove Theorem II .11 Let us first give the sketch of 
the proof, see [5] Sections 6.1 and 6.2] or [31 Theorem 2.1] for more details. We 
now suppose the foUowing conditions: 

(S) The corrector x satisfies the subhnearity (j2.4p . 

(B) For P-a.s.o; and each n > there exists a positive constant K{uj, n) such 
that Xn < K{lo, n) holds, P°-a.s. 

Let (M,^"')^Q be a martingale in (j2.ip and set Fk a{XQ, . . . , Xk). Fix a 
vector a G K^. (-/V-/1"'')^q is an L^(P")-martingale since the condition (B) 
implies that X„ and x{XmU)) are bounded under P^. Hence for e > and 
m < 71, we can define the random variable 



--L - - ■'^{|a-(A4:t\-M<"')|>eV^} 



fc=0 

Denoting for > 0, 
then from [21 Lemma 6.1] we may write 

fe=0 

Since the Markov chain on environments, n — ?> 7a'„i^ is ergodic, see [21 Theorem 
3.2], thus the conditions of the Lindeberg- Feller Martingale CLT hold, see for 
instance [SI Theorem 7.7.3]. Thereby we conclude that the random continuous 
function 



t ^ 



1- (a ■ + [nt - \ni\ )a ■ (Af - )) 



converges weakly to Brownian motion with mean zero and covariance 

which is finite from (iii) of Proposition 12. 11 This can be written as a ■ Da where 
D is the matrix with coefiicients 

D,r--nE^[{e,-M[-^){e,-M[-^)]]. 

Applying the Cramer- Wold device, see for instance [3 Theorem 2.9.5], we con- 
clude that the linear interpolation of t n- M^'^J^^/ ^/n scales to d-dimensional 
Brownian motion with covariance matrix D. The condition (S) implies that 
MjI"-* — Xn = x(X„,w) = o{^/n), and so the same conclusion applies to t H> 
Bn{t) in dig). 

For the completeness of the proof of Theorem 11.11 we have to show that the 
conditions (S) and (B) are satisfied. Thanks to (ii) and (iv) of Proposition (231 
for the proof of (S) it is enough to check the conditions (iii), (iv) and (v) of 
Proposition 12.21 Let us first prove the conditions (B) and (v) of Proposition 
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Proposition 3.1 The conditions (B) and (v) of Proposition [221 hold. 

Proof. Let us first construct a set ili C fto of full P-measure such that the 
following holds for w G i^i: there is a positive integer M{u!) such that ^f.{Txio) < 
n holds for all n > M{uj) and for all x S 'P(w), e G Z'' with |a;|oo = n, \e\ = 1. 
For n > 1, we define a subset A„ of fio as 

{le °Tx > n for some a; G T', e G Z'^ with |a:|oo = |e| = 1}. 

Note that there exists a constant C3 — c^{d) such that #{a; G Z*^; |a;|oo = Jt-} < 
C3n'^~^ for n > 1. Chebyshev's inequality then implies that for n > 1 and e > 0, 

^ E ^ Q(f^0)~'Q(7e > ri, W(0) = 1) 

|a;|Q^^n |e| — 1 

< can''"' > 

|e| = l 

It follows that the sequence (P(A„))5^q is summable, and then we can construct 
the desired set fii from the Borel-Cantelli lemma. 

Next we shall show that the condition (v) of Proposition [T^] is satisfied. Let 
a; G r^i and the positive integer N(lo) is defied by 

N{uj) M{uj) + max{je{TxOj);x e B{Q,M{lj)), e £ Z'^ with |e| = 1}. 

Then the following holds for w G Oi: JVz{io) C Boo{z, 2n) for all n > N{u!) and 
ah X G n Soo(0,n), y G Viw) n B^{x,n) and z G Viu}) n B^{y,n). This 

implies that for P-a.s.w and alH > 0, n > N{uj), 

max P^(|rt,,,„ - FoU > 3n) = 0. 

Replacing | • |oo by | • |, we find that the condition (v) of Proposition 12.21 is 
satisfied. 

Finally, let us prove the condition (B). For fixed w G fii and n > we 
consider a 7^(a;)-nearest neighbor path (0 = xo, cci, . . . , Xn) starting at the origin 
of length n. It is clear by the choice of N{ijj) that \xi\oo < N{u!) holds. Thanks 
to the choice of N{uj), \x2\00 has to be less than 2N{uj). By induction on the 
steps of (0 = xq, xi, . . . , x„) we can see that for 2 < i < n, \xi\ < 2*~^A^(a;). 
Hence we get the following rough upper bound on the | • |oo-distance of a;„: 

|x„|oo <A^(^)(^l + f]2'-2j =r-^N{uj), 

which proves the condition (B). □ 
We next prove the bound (|2.2p in the condition (iv) of Proposition 12.21 
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Proposition 3.2 The bound (|2.2p in the condition (iv) of Proposition l^T^ holds. 

Proof. From [71 Claim 5.9] there exist positive constants Cg and c'^ depending 
only on d such that the following holds, P-a.s.: a positive integer such that 
for sufhciently large n and all x, ?/ G 7^, 



By standard arguments we get the corresponding bound for the discrete time 
version of (Yf)t>o- This proves the theorem. □ 

For (j2.3p in the condition (iv) of Proposition l2.2l let us prepare some notation 
and lemma. We denote by d^{x,y) the graph distance on 'P{uj). The random 
walk I • I (Yf)t>o has non-bounded jumps under the Euclidean distance, however 
it has bounded jumps under the graph distance d^j, so the same strategy as in 
[2 Proposition 3.4] or [31 Proposition 6.2] that we get 

sup sup < CX3. (3.1) 

z&'i t>l ^ 

For this reason, if d^{x,y) is comparable with the Euclidean distance ja; — y\, 
then we can get the corresponding bound for the Euclidean distance version. 

Lemma 3.3 There exist positive constants p, C5, and cg depending only on d 
such that 

QiO,x e V, d^{Q,x) < p\x\) < C5exp{-C6|a;|}. 

Proof. We consider the lattice cubes Bl{x) := a; + [-L,Ly\ L e N, x e Z'^. 
We call Bl{x) blocked if every 'P-nearest neighbor path crossing B^ix) docs not 
pass through Bl{x), that is, for all 1 < i < d, j € [1, d] \ {1} and —L < kj < L, 
there exists —L<mi < L such that 

uj{x + fcici + • • • + mjE-j + • • • + kdCd) = 1. 

If Bl{x) is not blocked, then we call it unblocked. From the assumptions (Al)- 
(A3), we can see that '■— Q{Bl{0) is unblocked) converges to zero as L 00. 
For L e N we set Cl(0) := {Bl{x);x e and then let us introduce for 

1 < k < d and distinct unit vectors vi, . . . ,Vk G {ei, . . . , Cd}, 

Cl{vu • • ■ , vk) := {Bl{x);x G 2L{vi + • • • + «fe) + ALZ''}. 

To simplify notation, let cf' (1 < « < 2'*) be an enumeration of Cl(0) and 

Cl(wi, • . . , Wfc)'s. In addition, we define II := {ji=iC^L ■ Choose 5 := 1/2'* 
and let us fix £ < i S N and n > 0. For a lattice animal An on 2iZ'* of 
size n and containing 0, the event T(x,An) is defined as follows: (i(^(0,a;) < 
(5|a;|oo/(2i) and a 7'(cj)-nearest neighbor path realizing d(^(0, x), which is chosen 
by a deterministic algorithm, intersects with the n elements of Tl and is included 
in UyGy!i„ El{x). Furthermore, let G{k,i,An) be the event that Uyg^„ B^iy) 
contains the k elements of C^'^ and at least 5n of its k elements of cj*^ are 
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unblocked. Noting that 7^(LL))-ncarest neighbor paths realizing (ii^(0, x) intersect 
at least I x|oo/(2-L) elements of X/^, we have 

2d 

T{x,An)C y [jGik,i,An). 

n/2<i<k<ni=l 

On the other hand, for each 1 < « < 2'*, the events {C is unblocked} for 
C e C^*'' C Uye^ Bl{x) are independent and have the same probability pl- 
Set 6'{L) := 6-pl and 

a{L) := {pL + 5'{L)) log + {I - pl - 5'{L)) log 1 -i. 

PL I - PL 

The Chcrnoff bound yields 

q{G{k,i,An)) < exp{^a(L)k}. 

Hence we have 

2d 

Q{{0,xeV}nT{x,An)) < I]Q(G(fc,*,-4„)) 

n/2'^<k<n i=l 

< 2'^nexp{-a{L)Sn}. 

Since a{L) — > oo as L -> oo, we can find L such that (2(i)^"2''nexp{— a(L)(57i} < 
2'^ne~^" for n > 1. Recall that the number of lattice animals on 2LZ'*, of size n, 
containing the origin, is roughly bounded from above by (2d)^", see [H Lemma 
1]. It follows that we get 

,xeV, d^{0,x) <6\x\oo/{2L)) 



8 



< J2 (2'^)^"2'^nexp{-a(L)(5n} 

n>\x\^/{2L) 

< 2'* exp{-n} 

7i>\x\^/{2L) 

< — exp{-|xU/(2i)}, 

1 — e -^/^ 

which shows the conclusion. □ 

Under the above preparation, let us show (j2.3p in (iv) of Proposition 12.21 

Proposition 3.4 The bound ((Z3|l in (iv) of Proposition [Z2l holds. 

Proof. We first show that there are a positive constant C7 depending only on 
d and C ft oi full Q- measure such that the following holds for G 5^2: there 
exists a positive integer N(uj) such that dij{z, y) > p\z—y\ holds for all n > N{uj) 
and all z,y € V{(^) with \z\ < n, \z — y\> C7logn. Set C7 := 2{d+ 2)/cq. From 
Lemma 13.31 we have for some positive constant cg depending only on d and for 
all sufficiently large, 

00 

E Q{0,y~zeV,d^{0,y-z)<p\z-y\) 

\z\<n 
\z-y\>C7 logn 



<Y X! csexpj-celz- 2/1} 



\z\<n 
\z-y\>C7 logn 



00 



^ E E E C8i^''"iexp{-C6i^}. 

n—N <n K>cj log n 

It is easy to see that this sum converges. By the Borel-Cantelli lemma the 
assertion stated in the beginning of the proof is verified. 

Fix ui G Then we obtain for all n > N{uj), \z\ < n and t > n, 

< —{P 'E^[dUz,Yt)]+crlogn) 

Vt Vt 

E^[dUz,Yt)] logn 

<p +C7 , 

Vt " 

which shows the bound (|2.3p in (iv) of Proposition [^21 CH 

Finally, we will prove that the corrector x satisfies Proposition 12.21 (iii). 
To do this, we prepare some notation and lemma. Let us denote by Eg_n the 
event that for any y G V H [—n,n]'^, there exists a T'-nearest neighbor path 
(0 = zo, zi,. . . ,Zm = y) from to y such that maxo<fe<m \zk\oo < ■ 

Lemma 3.5 Suppose that the following condition (C) holds: 

(C) For some A > the sequence (P(-E'^ „))^]^ is summable. 



9 



Then the condition (iii) of Proposition !^?^ holds. 
Proof. For u E flo let 

R„{uj) := max |x(x,a;)|. 
From Proposition 12. II (iii) we have 

\x\.-^<nO yel,'' 

for every n > 1 and some constant cg = cg{X). Applying Chebyshev's inequality, 
we obtain for 9' > 0, 

Therefore the condition (C) yields that for 9' > {9 + 3)/2, 

OO OO OO 

n— n— n— 

n— 1 n— 

which proves the condition (iii) of Proposition l2.2l bv the Borel-Cantelli lemma. 

□ 

Thanks to the above lemma, for the proof of the condition (iii) of Proposition 
12.21 it suffices to check the condition (C). Let us start to prove the condition 
(C). For X = {xi, . . . ,Xci) e Z'' and 2 < i < d, let us denote by Fi^n{x) the 
event that for any y e V Ci [— n, n] ' x {(.Ti+i, . . . , x^)}, there exists a P-nearest 
neighbor self-avoiding path {x = rp , ri , . . . , r,„ = y) from x to y such that Vk S 
[— n, nY X {(xi+i, . . . , Xd)}, I < k < m. In addition, the event Gi_„(x) is defined 
by the event that the set [— n, n]' x {{xi+i, . . . , x^)} appearing in the statement 
of the definition of Fi^„ {x) is replaced by {xi} x [— n, n]* x {(a;i+2, ■ • • , a;^)}. 

Proposition 3.6 The condition (C) is satisfied. 

Proof. Let p := 1 — Q{ilo). Suppose that for some 2 < i < d — 1 there 
exist positive constants Cj^'^Cj''' such that for n large enough and all x = 
Xiei H + XiCi G Z'* n [—n, n]'^, 

Q(F,,„(x)'= n n.,) + Q{G,,n{xr n n.,) < cf V""^""- (3.2) 

Denote by Hi^n{z) the event that for all —n < k < n there is a site w = 
kei + W2e2 + • • • + WiCi + Zi+iCi+i such that w £ V and —n < wj < n for 
2 < j < «• A straightforward calculation then shows that we get for z = 

ziei H h Zi+iCi+i € Z'^ n [-71, nY, 

QiF,+i,4zr n n,) < QiF,^n{zy n n,) + Q(i/,,„(z)^) 

+ Q(i^»+i,n(^)" n r!, n F,,„(z) n i/,,„(z)). 
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By ([321) the first term of tire riglrt-lrand side of ([S^l) is less thair C^' p^'^ 
Moreover, it is easy to see that there are positive constants cio and cn such 
that for n sufficiently large, the second term of the right-hand side of p.3p is 
bounded from above by cio/o'^""- Let us estimate the third term of the right- 
hand side of (|3.3p . On the event iJi_„(z), there are sites Uk ^ V , —n < k < n 
such that 

Uk e U{i, n, k) {kei + ^262 H h v,e, + Zi+iei+i\~n < V2, . ■ . ,Vi < n}. 

Note that on the event 

n 

k——n 

for each y = yici + • • • + yi+iCi+i E [— n, n]'^ D V the site Uy^ is connected to 
y by a T'-nearest neighbor path included in {t/i} x [— n, n]* x {0}''"*"^ and is 
connected to z by a P-ncarest neighbor path included in [— n,n]* x {0}''"*. For 
this reason, the event Fij^i_n{z) occurs on the event /i^„(z). We hence obtain 

Q(F,;+i,„(z)^ r\Q.,f^ F,^n{z) n H,^n{z)) 

< QlF,+i^,,{zYnn,nF,^n{z)nH,^n{z)n f] o„J 

(«-„,...,«„) \ k=—n / 

GU{i,n, — n) X ••• X W(i,n ,ri) 

< Y [Q(i^.+i,nW^n/,,„(z))+ ^ Q(G,,„(w,r nf]„j] 

(«_„,...,«„) \ j=—rL J 

GU{i,n, — n) X ••• X W(i,n,n) 

and therefore the following holds: 

By the same argument as the above, we can estimate Q(G'i+i.„(z)'^ n il^), so 
there are some positive constants C^'"''^-' and C2~^^^ such that for n large enough 
and all z = zici -I- • • • -I- Zi+ie^+i G Z"^ n [— n, n]'^, 

n n,) + Q(G,+i,,(z)= n n,) < cf+'V^^'^""- 

By induction on i it is enough to show p.2p in the case i = 2. To simplify 
notation, let d = 2. It suffices to get the bound for Q(i^2,n(a;)'^ n ilx), x = 
xiei +^262 e Z^n [— 71, n]^, since an analogous statement with Q{G2,n{xY (^^x) 
instead of Q(F2,n(a;)^ n fix) can be derived similarly. Without loss of generality 
we can assume X2 > 0. To this end, for n > 1, u G [0,n] H Z, < ^ < 1 and 
L > 1 let us introduce the events 

Ao(w, L) := {{u — i)e2 £ V for some 1 < j < L}, 
Ai{u,S,L,n) := | ^^^ ^ ^ 1ao(«,l) ° T'iei > 1 - ^j, 
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and A2(m, L, n) defined as follows: for all i < j < L, there is an < ij < n such 
that 

uj{ijei) = u{ijei + {u - j)e2) = 1, 

and for all < to < — 1, there is a < fc„i < tt. such that 

u}{k„iei + {u- 771)62) = w(fcmei + (m - (m + i))e2) = 1- 

The event Ai{u, S, L,n) means that almost all vertical lines are blocked in the 
slab [— ri, n] x [u — L,u\ and the event A2{u, L,n) means that all lines in the 
slab [—n, n] X [u — L, u] arc connected by P-nearest neighbor paths included in 
[— n, n]^. We will estimate Q(Ai(u, S, L, nY). Let < ^ < Q(f^o) and wc choose 
< Si < 6. Observe that if 



n > 



lf{l-Si)£ 



2\ 6-5i 



(3.4) 



then 



2n+l 1-S 



L(2n+1)/£J £ 



<1-Si. 



{u, S, L, nY 



Let Ik := {-n + k + me;0 < m < [{2n + l)/e\ - 1}, < fc < £ - 1. We get for 
any n satisfying 



1 

1-S' 



( 1 

/ 1 

fc=o \ leik 

< iqi V lAnfa; L) O Tie 

< ^Ql V lAn(« L) O Jje, < 1 - (5l I 



2n + 1 1-5 



L(2n + 1)/£J £ 



It is clear from (A2) and (A3) that we can take numbers < ^2 < 1 and 
L > 2^- 1 with 1 - (5i < (1 - 62) Q(Ao(0, L)). Thus the most right-hand side of 
the above expression is less than 



,)0T,e, < (l-52)Q(Ao(0,L)) 



(3.5) 



Using the Chernoff bound, we estimate (|3.5p from above by 



^ cxp 



<5|Q(Ao(0,i)) 



2n+l 
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It follows that 



{u, (5, L, nY) < icxp 



2n+ 1 



(3.6) 



holds for all n satisfying p.4|) . 

Let us next estimate Q{A2{x, L,nY). Noting that by the assumption (A2) 
uj{kiei), k > are independent under Q, we have for n > i, 



L 



- X! ^(^°^ ^^^^'y < i < n/£, 



u>{i£ei) = uj{i£ei + (u — j)e2) ~ 1 fails) 



£-1 



+ ^ Qi^foT every < fc < n/£, Lo{k£ei + {u - m)e2) 

m=0 

= uj{k£ei + {u- {m + £))e2) = 1 failsj 

<{L-£+ 1)(1 - Q(f^o)')"/' + ^(1 - Q(f^o)')"/' 
= (L + l)(l-Q(r!o)2)"/^. 



(3.7) 



Let us estimate the left-hand side of 



and p.7p ensure that 



^2,ni^ynn^) 

< Q(Ai(.T2, (5, L, n)^) + CQ(A2(a;2, L, n)^) 

i;2,„(2:)'' n r^:^, n Ai(a::2, i, n) n A2(x2, i, n)) 



< exp-i — 



<5|Q(Ao(L)) 



71+1 



L(l- 



(3.8) 



holds for X = xiCi + X2e2 € n [—n,n]'^. We now prove that there is a 
yiei + 2/262 G 7^ n [—n, n]^ such that 



'2,„(a;)'= na^n Ai{x2, S, i, n) n A2(a;2, i, n)). 



X! I{a;(iei+j/2e2) = l} < '5(271+ 1) 



(3.9) 



holds on the event E2,n{xYr\nxr]Ai{x2,S, L, n)r]A2{x2,L, n). We suppose that 
on the event flxr]Ai{x2,S, L, n)nA2(x2, i, n), (j3.9|l fails for all 7/161+7/262 S T^n 
[~n, ri]^. On the event $7^ n Ai(a;2, S,L,ti), there exist at least [(1 — J) (277, + 1)^] 
vertical lines contained in [—77,77,]^ such that each of these vertical lines has a 
site in V standing for the slab [—n,n] x [x2 — L,X2]- Moreover, On the event 
fix n A2{x2, L,n), all lines in the slab [—77,71] x [x2 — L,X2] are connected to 
X by P-nearest neighbor paths included in [—77,77]^. It follows that on the 
event fix n Ai{x2,S, L, n) n A2(x2, i, 77), at least [(1 — 5){2n + 1)^] vertical lines 
contained in [—77,77]^ are connected to x by T'-nearest neighbor paths. On the 
other hand, on the event fix n Ai(a;2, <5, L, n) n A2(x2, L, n) there is a horizontal 
line contained in [—77,77]^ such that it does not have sites connected to x by a 
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Figure 2: The event i?2,n(a;)'^ n ri^^ n Ai(a;2, ^, i, rt) n A2(a;2, ?^)• The crosses 
standing for L horizontal hnes are connected to x by P(cj)-nearest neighbor 
paths included in [— n, n]^. There exists some site y £ V{io) D [—n, n]^ such that 
the site y is not connected to x and solid vertical lines cannot have points in 
the slab [— rt,n] x [x2 — L,X2]- 



7^-nearest neighbor path included in [— n, n]^ and this horizontal line has at least 
[(5(2n+ 1)] sites in V. This means that the number of vertical lines contained in 



the box 



has to be strictly grater than {1 — S){2n + 1) + S{2n + 1) = 2n- 



which contradicts that the number of vertical lines contained in the box [~n, n] 
is equal to 2n + 1. Therefore, on the event ft^ H Ai{x2, S, L,n) n A2{x2, L,n), 
p.9p holds for some j/iCi + 7/262 G P n [— n, n]^. 

The same argument as in the proof of (j3.6|l implies 



2,n{xy n n Ai(.T2, 5, L, n) n A2(a;2, i, n)) 
< {2n + lfQ(j2 < ^C^^ + 1) 

2n + 1 



(3.10) 



< £(2n + 1) exp 



SI 



for n sufficient large and some < (Ja < 1. According to p.8p and p.lOp . the 
bound (1221) holds for i = 2. □ 
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